Abstract-The problem of constructing and classifying elliptic solutions of nonlinear differential equations is studied. An effective method enabling one to find any elliptic solution of an autonomous nonlinear ordinary differential equation is described. The method does not require integrating addi tional differential equations. Much attention is being paid to the case of elliptic solutions with several poles in a parallelogram of periods. With the help of the method we find elliptic solutions up to the fourth order inclusively of an ordinary differential equation with a number of physical applications. The method admits a natural generalization and can be used to find elliptic solutions satisfying systems of ordinary differential equations.
INTRODUCTION
Autonomous nonlinear partial and ordinary differential equations arise in a variety of processes and phenomena in physics, biology, chemistry etc. In recent years a great number of methods intended for finding exact solutions of autonomous nonlinear differential equations have been introduced [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Among the most popular let us name the exponential function method, the method of trigonometric and hyperbolic functions, the method of Jacobi elliptic functions and their various extensions and modifica tions. One of the major drawback of these methods lies in the a priory fixed expression for an exact solu tion. Consequently, all solutions that turn out to be outside supposed expressions are lost. Moreover such methods usually give the same solutions but written in a different way. As a result many authors are under the impression that they have found new families of exact solutions, whereas these new solutions are well known [12] [13] [14] [15] . Thus the classification problem is of great importance.
Exact solutions that are meromorphic functions of independent variables are of great importance from practical point of view. This class of functions include, first of all, functions that do not have singularities in finite points of the complex plane and, secondly, functions with "simple" singularities in finite points, i.e. with isolated poles. Rational and trigonometric functions provide elementary examples of meromor phic functions. The main aim of this work is to describe a method enabling one to find and to classify dou bly periodic meromorphic solutions of nonlinear differential equations. Much attention will be paid to the case of elliptic functions with several poles in a parallelogram of periods.
Any autonomous partial differential equation E[u(x, t)] = 0 admits reduction to an ordinary differential equation if one introduces the traveling wave variables (1) where C 0 is a constant defining the velocity of the wave. The resulting ordinary differential equation
This article is organized as follows. In Section 2. we give a detailed description of the method, which can be used to find any elliptic solution of autonomous nonlinear ordinary differential equation. In Sec tion 3. we use the method to perform a classification of elliptic solutions up to the fourth order inclusively of an ordinary differential equation of the fourth order with two appropriate dominant balances and arbi trary coefficients in the corresponding Laurent series. 1 The article is published in the original.
2. ELLIPTIC SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS Let us consider an autonomous nonlinear ordinary differential equation (2) where E[w(z)] is a polynomial of the function w(z) an its derivatives. Our goal is to find elliptic solutions of this equation. Doubly periodic meromorphic function with two nontrivial basic periods ω 1 , ω 2 such that the quotient ω 1 /ω 2 is not real is called elliptic. Any elliptic function is uniquely determined by its behavior in a parallelogram of periods. The number of poles of an elliptic function that lie inside a parallelogram of periods is called the order of the elliptic function. The poles should be counted according to their multi plicities.
Equation (2) necessarily possesses an elliptic solution if there exists at least one Laurent series of the form (3) satisfying the equation. Here the parameter p ∈ ‫ގ‬ designates the order of the pole at the point z = 0. Equa tion (2) is invariant under the transformation z → z -z 0 , where z 0 is a constant. Consequently, the position of the pole can be chosen arbitrarily. In addition under the same reasoning we come to the conclusion that for any solution w(z) of Eq. (2) there exist the family of solutions w(z -z 0 ). As a rule, we shall omit the arbitrary constant z 0 . The following statement is valid. The prove of this theorem is based on the properties of Laurent series and uniqueness of analytic con tinuation.
Thus, Eq. (2) admits at most one elliptic solution possessing a pole at the point z = 0 with Laurent series given by (3) provided that the coefficients of the series are uniquely determined.
Any doubly periodic meromorphic function can be rationally expressed via the Weierstrass elliptic function ℘(z) and its derivative℘ z (z). The Weierstrass elliptic function ℘(z) satisfies the first order ordi nary differential equation (4) and is an elliptic function of the second order with a double pole at the origin. The parameters g 2 , g 3 of this equation are called invariants. They are related to the basic periods ω 1 , ω 2 via the expressions (5) In what follows we shall need one more special function, the so called, Weierstrass ζ function. Being not elliptic the ζ function satisfies the correlation ζ(z) = -℘(z).
A method given bellow can be used to find any elliptic solution of Eq. (2). The algorithm of the method can be subdivided into several steps.
Step 1. Find all the Laurent series in a neighborhood of the pole z = 0 that satisfy Eq. (2).
Step 2. Select the order M of a supposed elliptic solution w(z) and take K distinct Laurent series (6) from those found at the first step in such a way that the following correlations (7) are valid.
Step 3. Construct the general expression for the elliptic solution w(z), which possesses K pairwise dif ferent poles a 1 , …, a K in a parallelogram of periods with the Laurent series w (9) Step 4. Require the Laurent series found at the third step coincide with the corresponding Laurent series taken at the second step. Make up an algebraic system taking into account the relations
. The amount of equa tions in the system should be not less than the amount of the parameters of the elliptic solution w(z). Solve the system with respect to the parameters of the elliptic solution in question. In other words find h 0 , g 2 , g 3 , {A 2 , …, A K }, {B 2 , …, B K }. In addition restrictions on the parameters of Eq. (2) may arise. If the system is inconsistent then Eq. (2) does not have elliptic solutions (10) with selected Laurent series.
Step 5. Using addition theorems for the functions ℘ and ζ (see [16] [17] [18] and expressions (12) given below), rewrite expression (8) in the form (10) Check up obtained solutions substituting them and restrictions, if any, into Eq. (2).
Further, let us note that there may exist Laurent series with arbitrary coefficients that satisfy Eq. (2). If such series are taken at the second step then for the sake of convenience these arbitrary coefficients should be added to the list of parameters. In addition at the fourth step of the method the algebraic system can be constructed in the following way. Substitute the Laurent series found at the third step into the original equation and set to zero expressions at negative and zero powers of the variables (z -a j ), j = 1, …, K in the resulting correlation. This approach takes into account the fact that an elliptic function without poles is a constant. It is sufficient to take only one relation at the "zero" level. Note that the resulting algebraic sys tem is finite. Let us suppose that at least one Laurent series with arbitrary coefficients is involved several times when one makes up representation (8) . In this case the algebraic system does not involve the param eters corresponding to arbitrary coefficients of the series. Consequently, one should make sure that such series are in fact distinct especially if the algebraic system is constructed with the help of the aforemen tioned approach.
If an elliptic function w(z) possesses two or more distinct poles in a parallelogram of periods, then one needs addition theorems for the functions ζ(z), ℘(z),℘ z (z) in order to find the Laurent series in a neigh borhood of the poles. In our designations these correlations are the following
The values ζ(a j ), j = 2, …, K disappear from the resulting series when one proceeds from the parameter h 0 to the parameter h 0 via relation (9) . Note that relations (11) are not directly applicable if A i = A j or, in other words, ℘(a i ) = ℘(a j ). The Weierstrass elliptic function ℘(z) is of the second order and, conse quently, takes any value twice in a parallelogram of periods. Thus, the equality ℘(a i ) = ℘(a j ) with a i ≠ a j can take place for simple points only, i.e.
Let us find addition theorems for the case ℘(a i ) = ℘(a j ), where a i ≠ a j . Suppose that ω 1 = 2τ 1 , ω 2 = 2τ 2 are basic periods of the Weierstrass elliptic function ℘(z). By τ 3 we denote the sum τ 1 + τ 2 . The points z = 0, z = τ l , l = 1, 2, 3 are double for the function ℘(z) with the origin z = 0 being the double pole. Con sequently, a i ≠ τ l , a j ≠ τ l , l = 1, 2, 3. Since the Weierstrass elliptic function ℘(z) is even, we see that the following correlations are valid ℘(2τ l -z) = ℘(z), l = 1, 2, 3. As a result, we obtain a j = 2τ l -a i , where l = 3 if one of the points (a i or a j ) lies insight of the parallelogram of periods and l = 1 or l = 2 if one of the point lies on the side of the parallelogram characterized by the vector τ 1 or τ 2 . From the fact that the num ber 2τ l is a basic period of the elliptic functions
. Applying the L'Hôpital's rule in expressions (11), we find addition theo rems for the case ℘(a i ) = ℘(a j ). They are the following (12) Calculations can be significantly simplified if one primarily finds the values ζ(a i -a j ), ℘(a i -a j ), ℘ z (a i -a j ) and only then uses addition theorems (11) or (12) .
Since at the third step we use the general expression for an elliptic function with corresponding Laurent series, we see that this method allows one to find any elliptic solution of Eq. (2). If exactly N distinct Lau rent series of the form (3) satisfy Eq. (2), then the degrees of elliptic solutions do not exceed the value where p 1 , …, p N are the pole orders in corresponding series. The Weierstrass elliptic function ℘(z) degenerates, in other words, becomes simply periodic or rational provided that the following condi tion = 0 is valid. Consequently, elliptic solution (10) also degenerates whenever -= 0.
EXAMPLES OF METHOD APPLICATIONS
As an example let us look for elliptic solutions of the autonomous nonlinear fourth order ordinary dif ferential equation (14) if one uses the traveling wave variables. The parameter C 0 in substitution (1) is given by C 0 = k + 2 -β in the case of the equation E k , k = 1, 2, 3.
Our aim is to classify elliptic solutions of Eq. (13), consequently, we allow the parameters α k , 1 р k р 6 to take any complex values. Allong with this, let us suppose that the parameters α 1 , α 2 do not vanish simul taneously. Without loss of generality, we set α 3 = 0.
In order to find elliptic solutions of Eq. (13) we need to consider the following dominant balances (15) Dominant behavior corresponding to balances (15) are given by (16) where is an arbitrary constant. The corresponding Fuchs indices satisfy the equations (17) In case (I) the Laurent series of the form (18) satisfy Eq. (13) Let us find explicitly all elliptic solutions up to the fourth order inclusively for Eq. (13) . Consequently, we should consider the cases r = -3 and r = -4. The Laurent series of the form (19) correspond to dominant behavior (II). In this expressions are non zero arbitrary parameters. All other coefficients of series (19) can be uniquely determined.
Let us begin with elliptic solutions of the second order. These solutions should necessarily have one double pole in a parallelogram of periods and should allow representation in a neighborhood of the point z = 0 by means of the Laurent series w (1) (z). In accordance with Eq. (8) elliptic solutions of the second order corresponding to the series w (1) (z) can be presented in the form (20) 
Expanding this function into a Laurent series in a neighborhood of the point z = 0, we obtain (21) Substituting series (21) into Eq. (13) and setting expressions at z k , k = -5 … 0 to zero, we get a system of algebraic equations. Solving this system we find two families of second order elliptic solutions. The parameters for the first family are given by Equation (13) can have third order elliptic solutions only in the case α 2 = -(8α 1 )/9. In a parallelogram of periods such solutions possess one triple pole characterized by the Laurent series w (2) (z) (see (19) ). Fol lowing the algorithm of Section 2, let us write the general expression for third order elliptic solutions. We get (24) Expanding this function into the Laurent series in a neighborhood of the pole z = 0, we obtain (25)
Comparing the corresponding coefficients of series (19) and (25), we find the parameters of the elliptic solution (26) and restrictions on the parameters of the original equation (27) Further, let us look for elliptic solutions of the fourth order. Two possibilities can take place. In a parallel ogram of periods fourth order elliptic solutions can have two double poles with the Laurent series w (1) (z) or one fourth order pole with the Laurent series w (2) (z).
In the first case the general expression for fourth order elliptic solutions can be written as
where
and c -2 = Expanding function (28) into the Laurent series in neighborhoods of the poles z = 0, z = a, we obtain
Here and in what follows we use notation A ℘(a, g 2 , (29) into Eq. (13), we get an algebraic system consisting of ten equations. In accordance with our method we add an addi tional equation B 2 = 4A 3 -g 2 A -g 3 to the system. Solving this system in the case α 2 = -17α 1 /(12), we find the parameters of elliptic solutions (28):
where A, b ≠ 0 are given by the expressions
Note that in practice it is convenient to resolve this system with respect to the parameters α 5 , α 6 . These solutions exist whenever the following conditions α 4 = 0, α 1 ≠ 0 are valid. In the case α 2 = α 1 the parameters of fourth order elliptic solutions take the form
where one can take any value of the square root in the expression for B. These solutions exist under the following conditions on the parameters of the original equation: α 4 = 0, α 1 ≠ 0, α 6 ≠ 0. Using the addition theorems for the functions ζ(z) and ℘(z) let us rewrite solution (28) as
Substituting obtained values of the parameters, we find fourth order elliptic solutions explicitly. It remains to consider the case of fourth order elliptic solutions corresponding to the series w 
